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Motivation

Learn statistics
Spatial structure per se
Will be used to infer membership probabilities.

Olivares, J. Inferring the Spatial Structure of the Pleiades



Inferring the
Spatial

Structure of
the Pleiades

Olivares, J.

Methodology

Mock Data

Real Data
Model
Selection

Discussion

Methodology

1 Analyse the data.
2 Select a priori the model(s) according to data.
3 Construct a probabilistic framework for the model.
4 Use Bayes theorem and MCMC to:

Check accuracy and precision with mock data.
Obtain the posterior for the parameters.

5 Analyse the posteriors.

Olivares, J. Inferring the Spatial Structure of the Pleiades



Inferring the
Spatial

Structure of
the Pleiades

Olivares, J.

Methodology

Mock Data

Real Data
Model
Selection

Discussion

DANCe Data

H. Bouy et al.: Dynamical Analysis of Nearby ClustErs

Fig. 1 IRAS 100 µm image of the Pleiades cluster with the various surveys used in this study overplotted. The Seven Sisters are
represented with yellow stars. The full Moon is represented in the lower right corner to illustrate the scale.

• CFH Telescope:
The CFH12K (Cuillandre et al. 2000) and UH8K (Metzger
et al. 1995) observations of the Pleiades are described in
details in Bouvier et al. (1998); Moraux et al. (2001) and
Moraux et al. (2003). The MegaCam (Boulade et al. 2003)
observations are described in Section 5. The individual im-
ages were processed and calibrated with the recommended
Elixir system (Magnier & Cuillandre 2004), which includes
detrending (darks, biases, flats and fringe frames), and astro-
metric registration. Nightly magnitude zero-points were de-
rived by the CFHT team using standard star fields (Landolt
1992).

• Subaru Telescope:
The Suprime-Cam (Miyazaki et al. 2002) images were pro-
cessed (overscan subtraction, flat-fielding, and masking of
vignetted areas) using the recommended SDFRED1 package
(Ouchi et al. 2004; Yagi et al. 2002) and the relevant calibra-
tion frames obtained the same night. The photometric condi-
tions on Mauna Kea were poor during these observations, as
described in the Skyprobe database (Cuillandre et al. 2004).
We therefore did not attempt to calibrate the corresponding
photometry.
• INT Telescope:

We retrieved the detrended individual Wide Field Camera
(WFC, Ives 1998) images from the ING public archive.
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Data from Sarro et al. 2014

Table: Number of stars at different Rmax

1o 2o 3o 4o 5o 6o

496 1028 1354 1576 1735 1805

L. M. Sarro et al.: Cluster membership probabilities from proper motions and multiwavelength photometric catalogues:

(a) (b)

(c) (d)

Fig. 4: DANCe catalogue sources (both complete and incomplete) with a membership probability above 0.975. Small dots represent
sources in the original definition list; crosses represent member candidates not in the original definition list; black circles represent
sources in the initial reference set with final membership probabilities below pmin = 0.975. Contour lines trace the kernel density
estimate obtained from the full data set. The colour code represents membership probability in a linear scale from yellow (p=0.975)
to red (p=1).

Table 4: True positive rates and contamination rates for di↵erent values of the membership threshold. The uncertainty intervals
correspond to the range of values (maximum-minimum) observed in the five random samples.

pmin 0.50 0.7 0.8 0.90 0.95 0.96 0.97 0.98 0.99 0.9975
TPR (%) 98.4± 0.5 97.1±0.7 96.0±0.9 92.9±1.5 88.0±2.8 85.9±3.0 82.6±3.2 76.7±4.9 63.8±7.7 36.3±7.7
CR (%) 11.0±2.0 8.0 ±1.5 6.6 ±1.3 4.5±1.1 2.9±0.5 2.6±0.6 2.1 ±0.5 1.6 ±0.3 1.1 ±0.3 0.4±0.4

completeness, while others will have opposite requirements. We
therefore opted for providing the full list of posterior probabili-
ties and let the catalogue user define his/her membership thresh-
old.

5. Sensitivity analysis

In this section we analyse the dependence of the set of members
obtained on three particular choices: the probability threshold
to include a source in the set that defines the model (pin), the
representation space, and the probability threshold for inclusion
in the set of cluster members (pmin).

Table 5 summarises the number of sources used to define
the model in the principal curves framework, for three repre-
sentation spaces (RF-2, RF-3 and the set of apparent magni-
tudes) and admission probability thresholds (pin=0.9545, 0.975
and 0.9975). The first three columns contain the definition set
sizes at the end of the last set of iterations (those in the re-
duced space, without r related features) while the rightmost three
columns show the number of sources in the entire DANCe data
set (comprising complete and incomplete sources) with member-
ship probabilities above 0.75 and 0.9975. When comparing the
left and right numbers in Table 5, it has to be kept in mind that
members in the reference set are only removed from it in subse-
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Data from Sarro et al. 2014: λ parameter

L. M. Sarro et al.: Cluster membership probabilities from proper motions and multiwavelength photometric catalogues:

Fig. 2: Principal curve fits to the initial reference set (blue line)
and to the subset of sources with all magnitudes fainter than its
closest point in the first principal curve (green line). This subset
of points is represented in red.

As mentioned above, we maintain the mixture-of-Gaussians
model, and the model complexity selection based on the BIC for
the subspace of proper motions of cluster members.

2.5. Iterative refinement of the initial reference set

In the previous paragraphs we have described the derivation of
the likelihood models from the initial reference set defined by
the membership list in Stau↵er et al. (2007). Close examination
of the membership probabilities derived from Eq. 1 and these
likelihood models reveals the presence of sources in the initial
reference set with low membership probabilities and vice versa.
Therefore, and for the sake of self-consistency, we adopted an
iterative procedure, based again on the EM algorithm, whereby
we derived likelihood models in iteration l from the membership
lists calculated in iteration l � 1 (maximisation step). Then, we
used these likelihood models to infer membership probabilities
(expectation step), and proceeded to the next iteration, l + 1.

The first iteration proceeded as described in the previous
sections, with the data set D defined by the set of sources ob-
served in all the variables in representation space, and with the
class labels C taken from Stau↵er et al. (2007). Let p0(D|Ci)
denote the initial likelihood models derived from the initial ref-
erence set. In subsequent iterations, the regularised maximum-
likelihood model, together with Eq. 1, were used to infer poste-
rior membership probabilities (expectation step). Since the two
models by definition comprise all possibilities, we can compute
the posterior probability in iteration l as

pl(Ci|D) =
pl�1(D|Ci) · pl�1(Ci)P2

i=1 pl�1(D|Ci) · pl�1(Ci)
. (7)

We took into account the measurement uncertainties in the
likelihood term as follows:

pl�1(mmeasured|Ci) =
Z

pl�1(m|Ci) · pl�1(mmeasured |m)dm (8)

where mmeasured represents the measured values. We assumed
independent Gaussian uncertainties in all measured variables
(proper motions and apparent magnitudes) and thus,

pl�1(mmeasured |m) = Nm,⌃(mmeasured), (9)

where ⌃ represents the non-diagonal covariance matrix of
the variables in representation space. The matrix elements were
derived following the usual rules for uncertainty propagation of
variables that are linear combinations of the original ones (the
colour indices).

We then redefined the membership lists according to these
posterior probabilities. We used two heuristic thresholds pin and
pout, such that members with posterior membership probabilities
below pout were removed from the training set of cluster mem-
bers, while non-members with posterior membership probabili-
ties above pin were included in it. We have tested three values
of pin = {0.9545, 0.975, 0.9975} (probability values correspond-
ing to the range from 2� to 3� significance), and set pout = 0.5.
This represents criteria that are very restrictive for the admission
of sources not previously classified as members in the literature,
while somewhat conservative for the rejection of members.

With these updated membership lists we derived new likeli-
hood models pl(D|Ci) and prior probabilities (the maximisation
step), and iterated the EM scheme until the membership lists re-
mained unchanged.

We stress that the implicit extrapolation of the principal
curve beyond the range of magnitudes and colours covered by
the initial reference set, carried out during the EM iterations,
is not blind, but constrained to be based on sources with high
membership probabilities, and thus is highly consistent with the
distribution in the proper motion space.

When the iterations converged to a stable solution (defined
by no change in membership for any source in two consecutive
iterations), we computed membership probabilities for incom-
plete sources (i.e., sources with missing data) by again applying
Bayes’ theorem, with a likelihood model obtained by marginalis-
ing the complete maximum-likelihood model derived in the pre-
vious section over the missing variables:

p(mmeasured |Ci) =
Z

p(m|Ci) · dmmissing, (10)

where m = {mmeasured,mmissing}, and mmeasured and mmissing
are the subsets of m that are measured and missing, respectively.
Since the model for p(m|Ci) is a mixture of Gaussians, the result
of the integral is again a mixture of Gaussians with means and
covariance matrices that correspond to the projection of the orig-
inal ones onto the subspace of measured variables. Uncertainties
are handled in the same way as described in Eq. 8.

3. Representation space

It is well known that not all variables are equally informative
for the determination of membership probabilities. As a mat-
ter of fact, apparent magnitudes alone may be insu�cient for
the selection of member candidates, and it is common prac-
tice to define hard boundaries in CMDs (see e.g. Lodieu et al.
2012a). Including non-informative variables may also dilute the

6
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Probabilistic Framework

Bayes theorem.

p(θ | D, I ) = p(D | θ, I )p(θ | I )
p(D | I )

Evidence,

p(D | I ) = Z =

∫
P(D | θ, I )P(θ | I )dθ

The generative model, p(D | θ, I ), is a pdf.∫
p(D | θ, I )dD = 1. (1)

"I will say that you have a generative model of data point n if you can write

down or calculate a pdf p(Dn | θ, I ) for the measurement Dn, conditional on a

vector or list θ of parameters and a (possibly large) number of other things I

(prior information) on which the Dn pdf depends, such as assumptions, or

approximations, or knowledge about the noise process, or so on." Hogg 2012.

Olivares, J. Inferring the Spatial Structure of the Pleiades
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Number Density Profiles

We used the classical surface density families of models:

King = Sc

 1√
1+ r2

r2c

− 1√
1+ r2t

r2c

2

Plummer = Sc

(
1+

r2

r2
c

)−2

,

modified by:
Field density Sf as a Contamination ratio

Cr =
πR2

maxSf
N

.

rc as a linear function of Sarro’s et al. (2014) λ,

rc = rc0 + rc1λ.

Olivares, J. Inferring the Spatial Structure of the Pleiades
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Generative Model. Example of Plummer profile

p(r | rc) =
dN(r)

Ntot

1
dr

=
2πS0r

(
1+ r2

r2c

)−2
dr

πS0r2
c

1
dr

= 2
r

r2
c

(
1+

r2

r2
c

)−2

.

If data are truncated, as in our case, the pdf in the interval
(0,Rmax) is

p(r | rc) = 2
r

R2
max

(
1+ R2

max
r2c

)
(
1+ r2

r2c

)2 .
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Sampling the Posterior

MCMC Sampler: Stan (mc-stan.org, Hoffman-Gelman,
2011).
Convergence, R-hat criterion (Gelman & Rubin, 1992).
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Mock Data: Plummer v1 Contamination
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Mock Data: Plummer v1 Contamination

0.1

0

10

20

−0.1 0.0 0.1 0.2
Δ   Core Radius Slope

D
e

n
s
it
y

Rcut

3

4

5

6

Stars

500

1000

1500

2000

Distribution of Core Radius Slope

Accuracy

500

1000

1500

2000

3 4 5 6
Rcut [Rcore]

N
o
. 
S

ta
rs

0.03
0.04
0.05
0.06
0.07
0.08
0.09

Precision

Core Radius Slope

Precision

Olivares, J. Inferring the Spatial Structure of the Pleiades



Inferring the
Spatial

Structure of
the Pleiades

Olivares, J.

Methodology

Mock Data

Real Data
Model
Selection

Discussion

Mock Data: Plummer v1 Contamination
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Mock Data: King v1 Contamination
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Mock Data: King v1 Contamination
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Mock Data: King v1 Contamination
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Mock Data: King v1 Contamination
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Real Data: Plummer v1 Contamination

0

200

400

600

1.0 1.5 2.0 2.5
Core Radius Intercept

co
u

n
t

Mode at 1.46 [1.38,1.58]

0

300

600

900

−0.2 −0.1 0.0 0.1 0.2
Core Radius Slope

co
u

n
t

Mode at 0.02 [0.01,0.03]

0

200

400

600

0.0 0.1 0.2 0.3 0.4 0.5
Contamination Ratio

co
u

n
t

Mode at 0.19 [0.16,0.21]

Posterior distriubutions and their MAP

Olivares, J. Inferring the Spatial Structure of the Pleiades



Inferring the
Spatial

Structure of
the Pleiades

Olivares, J.

Methodology

Mock Data

Real Data
Model
Selection

Discussion

Real Data: Plummer v1 Contamination
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Real Data: Plummer v1 Contamination
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Model Selection: Bayes Factor

Use evidence to select appropriate model,

K12 =
P(D | M1)

P(D | M2)
=

∫
P(D | θ1, I )P(θ1 | I )dθ1∫
P(D | θ2, I )P(θ2 | I )dθ2

=
Z1

Z2

Approximate Z by HMA (Newton and Raftery, 1994),

ZHMA =

(
1
m

m∑
i

p(D | θi )−1

)−1

.

Olivares, J. Inferring the Spatial Structure of the Pleiades
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Model Selection: Evidence

Table: LogZHMA. Plummer Models with varying Rmax

Model 3o 4o 5o 6o

v0 0.56 -1.29 -1.77 -1.95
v0 Cr -0.91 -1.44 -1.35 -0.57
v1 0.30 0.57 -0.21 0.28

v1 Cr 0.87 0.54 0.38 0.28

Olivares, J. Inferring the Spatial Structure of the Pleiades
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Model Selection: Evidence

Table: LogZHMA. King Models with varying Rmax

Model 3o 4o 5o 6o

v0 -0.18 -1.86 -1.43 -2.03
v0 Cr 0.82 -1.55 -1.52 -1.11
v1 -0.91 -1.44 -1.35 -0.57

v1 Cr 0.87 0.57 0.38 0.23

Olivares, J. Inferring the Spatial Structure of the Pleiades
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Pinfield’s et al. values

Using the distance to the Pleiades (136.2 pc, Melis et al. 2014)

Table: King v1 cr [68 % interval]

Parameter 6o

rc0 [pc] 1.84 [1.75-2.15]
rc1 [pc/ λ] 0.02 [0.0-0.05]

rt [pc] 24.6 [22.4-27.9]
cr 0.08 [0.05,0.13]

which these forces are equal is rt. At this radius, the forces acting on
a star in the cluster frame are shown in equation (9):

GMg

ðRg ¹ rtÞ2 ¹
GMg

R2
g

¼
GMc

r2
t

: ð9Þ

Mg is the mass of the Galaxy within the orbital radius of the cluster
Rg, Mc is the cluster mass, and G is the universal gravitational
constant. For the case where Rg q rt, the equation simplifies
somewhat, and rt can be expressed by equation (10):

rt ¼ Rg
Mc

2Mg

✓ ◆1=3

: ð10Þ

The best way to substitute for these values is to use Oort’s constants
A and B. These constants are found in the equations describing the
radial velocity (v) and proper motion (m) that result from circular
motion around the Galactic Centre as shown in equation (11):

v ¼ Ar sin 2l; m ¼ 0:211ðB þ A cos 2lÞ: ð11Þ

The value of A ¹ B is the angular velocity for the solar neighbor-
hood, and is known to greatest accuracy as 26:4 6 1:9
km s¹1 kpc¹1 (Kerr & Lynden-Bell 1986), or 8:56 × 10¹16 s¹1.
Inserting this into equation (10) gives

rt ¼
GMc

2ðA ¹ BÞ2

 �1=3

¼ 1:46M1=3
c ; ð12Þ

where rt and Mc are in units of parsecs and solar masses, and
G¼ 4:517 × 10¹30 pc3 M¹1

( s¹2.
The above discussion ignores the angular momentum spread

between cluster members, which could well be important, but is not
yet fully understood. Until we have a clearer understanding of this
angular momentum dispersion, it is difficult to include it in our
model, and we must recognize it as a possible source of error in this
simplified model.

2.4 The observed Pleiades distribution

Equation (3) is for single-mass systems, so, in order to use it for
the Pleiades, the cluster members were binned into four mass
bins. The sizes of each bin, along with the number and average
mass of stars in each bin, are shown in Table 2. Stars were then
counted in concentric rings 1 pc wide, at radius steps of 0.5 pc, as
far as the completeness of the catalogue allowed. The surface
density of low-mass stars in the central region was increased
slightly to allow for low-mass stars hidden by the large images of
the bright stars on the Schmidt plate. Best-fitting values of
equation (3) were then found for the four mass bins using a routine
called dx_srchmin (by R. Willingale) which minimized the x2

statistic. An estimated value of rt was assumed to begin with, and,
using this along with the best-fitting values of rc and k for each mass
bin, and the average mass of stars in each bin, the total mass of the
cluster (Mc) down to the limits of the catalogue (, the stellar limit)
was calculated using equation (4). Equation (12) then gave the
expected rt for this Mc, and the initial estimate of rt could be
compared with this new value, and adjusted accordingly. However,
rc and k vary slightly as rt changes, so this process was iterated
until the input estimate of rt was within 0.1 pc of the output value,
producing a self-consistent set of cluster dimensions (assuming
no extra dark matter in the cluster). This value of rt was found to
be 13.1 pc. The results of the x2 fitting are summarized in Table 3.
Also contained in the table are the depth of the cluster in magnitudes
as it would manifest itself on a colour–magnitude diagram, rt, Mc,
Nc (the total number of stars in the cluster) and m̄c (the average
cluster star mass). Values of n have been rounded to the nearest
integer.

Fig. 2 shows the radial surface density plots, and plots of stars out
to a given radius for each bin. Overlaid on the density plots are the
best-fitting forms of equation (3), and radially integrated versions
are overlaid on the plots of star counts out to r, to show how
accurately the total number of stars in each bin is being represented.
The errors used for the surface density values were
6ð100

ÅÅÅÅ
N

p
=NÞ per cent. Mass bins 2 and 3 show excellent agree-

ment between the data and the fitted functions. The agreement is
slightly worse for the lowest mass bin, but still quite close. The
higher mass bin fit is not good. This is because of the sparsity of
stars and the large range in mass, and is shown by the broad 1j limits
of the fitted parameters in Table 3. However, the star counts out to r
agree well with the radially integrated function at the completeness
limit of the bin, which lends some more credence to the fitted values
for this bin.

Bin 4 shows marginal evidence for the central density depletion
described by van Leeuwen (1983). This depletion would never be
very obvious in the surface density, only in the space density.

The mass of the Pleiades 959

q 1998 RAS, MNRAS 299, 955–964

Table 2. Mass bins for the Pleiades.

Bin Mass range Number Average mass Completeness
( M() of stars ( M()

1 12–3 12 5.20 complete
2 3–1.2 118 1.65 , complete
3 1.2–0.6 295 0.83 !. 7 pc
4 0.6–0 642 0.30 !. 6 pc

MtotðcatalogueÞ ¼ 695 M(

Table 3. Pleiades King fit results.

Bin rc (pc) rc limits k k limits n Mass
(M() (68 per cent confidence) (68 per cent confidence)

1 0.91 [0.50–1.51] 1.86 [ 0.87–3.74 ] 13 66
2 1.38 [1.15–1.66] 10.04 [ 7.86–12.69 ] 115 190
3 2.22 [1.98–2.49] 15.90 [ 14.17–17.81 ] 300 249
4 2.91 [2.63–3.23] 32.81 [ 30.51–35.37 ] 766 230

rt ¼ 13:1 pc; Cluster depth ¼ 60:2 mag
Mc ¼ 735 M(; Nc¼ 1194; m̄c¼ 0:616 M(
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Figure: Pinfiled’s values
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Future Work

Estimate de Credibility intervals.
Determina the false positive rate of lambda segregation.
Infer the number of stars.
Try different Profiles (e.g. Elson, Fall & Freeman,1987 )
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